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MECHANIC (B.SC MATHEMATICS)
"VIRTUAL WORK"
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If a particle is moving down on an inclined plane, then constraint on its motion is

its contact with plane. Any displacement along the plane is consistent with the

constraint. If the force does no virtual work then the constraint
workless.

For Single Particle:

is called

A particle subjected to workless constraint is in equilibrium iff

zero virtual work done by the applied force in any arbitrary infinitesimal
displacement consistent with the constraint.
Proof:

Let the total force acting on the particle be F, As the particle is in
equilibrium so F = 0. Let E and E be the applied and constraint forces acting on
the particle then, F +E=0. Letor be any arbitrary infinitesimal displacement

consistent with the constraint then( F, +F).6r =0. As constraint are workless so

F,0r+F,.or=0 as constraint are workless, then F .5r=0 then F,.0r=0.
For set of particle:

A set of particles subjected to a workless constraint, is in
equilibrium iff zero virtual work is done by applied force in any arbitrary

infinitesimal displacement consistent with the constraints.
Proof:

be any arbitrary infinitesimal displacement of m , then total work done by all forces

acting on the particles is Y (F,+F,).0r,=0. Then ) F, 6r+) F.or,=0 As constraint
i=1 i=1 i=1
forces are workless, since 6r=0 so Y F, .61, =0.

i=1

For rigid Body:

A set of rigid body subjected to a workless constraint is in
equilibrium iff zero virtual work is done by applied forces and applied torque in
any arbitrary infinitesimal displacement consistent with the constraint.
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Proof: W

As any system of forces acting on rigid body can be reduced to a single
force and single couple. Let "R" be the single force and "G" be the moment of
single couple. As body is in equilibrium so R= 0, and G=0 further R, +R =0 and

G,+G. =0 where R, and R, are the total applied and constraint forces. Similarly G,
and G, be the total applied torques and torque of constraints. Let 6r&dw be any

arbitrary infinitesimal linear and angular displacement consistent with the
constraints.

(R,+R.).6r=0 And (G,+G.).00=0
Example#01:

A Particle of mass 20lb is suspended by a force of magnitude x lbs,
which make an angle of 30° with the inclined plane of inclination60°. Find "x" and

also the reaction of the plane on the particle?

Solution:

Let orbe the infinitesimal displacement along the plane. As the system is
in equilibrium. By applying principle of virtual work, we have

(xCos (30°))5r—(208in(60°))or=0 = xT==20"== x=20 lbs
2 2
Again consider ds be the displacement along line perpendicular to the plane.
As system is in equilibrium so by applying the p.v.w we have,
R =20Cos(60°)+xSin(30°) Where x = 20 lbs
So, R =201b
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Example #02:

A light thin rod, 12 ft long, can turn in a vertical plane about one of its points

which is attached to a pivot. If weights of 3 1bs and 4 Ibs are suspended from its ends|

it rests in a horizontal position. Find the position of the pivot and its reaction on the
rod.
Solution:

Let "x" be the distance of pivot from end A. Let "0 " be infinitesimal angular

displacement of the rod. As the rod is in equilibrium. So by applying p.v.w,

We have 3x60-4(12—x)50=0
S

X cC 12-x

411b 311b
3x-48+4x=0, :x=6gﬁ
Let "Or" be the infinitesimal displacement along the direction of reaction. As system

is in equilibrium so by applying p.v.w,
R.Or—30r—40or=0, = R=7 lbs

Example #03:

Four equal uniform rods are smoothly jointed to form a rhombus ABCD,
which is placed in a vertical plane with AC vertical and A resting on a horizontal
plane. The rhombus is kept in shape, with the measure of angle BAC equal to @, by a

light string joining B and D. Find the tension in the string.
Solution:

Four equal uniform rods each of length / and weight w are freely jointed to
form rhombus with A fixed in horizontal. Angle BAC =6. Shape of rhombus is kept
joining B and D by a string.

Height of C.G of rod AB and AD = ~Cos(6)
Height of C.G of rod BC and CD = =ICos(6)

Length of String BD = 21 Sin(8)
Applying principle of Virtual Work,
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—2wé (l Cos(G)) —2wé <%ZCOS(9)> — TS(ZZSin(H)) =0

—2w (ésm(e)) 50 — 2w <— % lSin(9)> 860 — T(21C0s(6))860 = 0

so T = 2wtan(0)

Example# 04:
A heavy elastic string whose natural length is 2ma, is placed round a

smooth cone whose axis is vertical and whose semi-vertical angle has measure a. If
W be the weight and A the modulus of string, prove that it will be in equilibrium

when in the form of a circle of radius a(l +% Cot(a)Y

Solution:
A heavy elastic string of natural length 2ma is placed on a smooth cone,

whose axis is vertical and semi-vertical angle is ao. And Ais the modulus of string.

Let "x" be the radius of string when placed on the cone then

T = j(2e

2TTX—2TTa

)

Applying principle of virtual work

W&y — T§(2mx) =0, wdy — /1( _ )27r5x—0
aw Sy _ aw. _
Or, ——=x—a and a+2n/1Cot(a)—x

Wcot(a)
2T A

> x=a(l+

)
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Example# 05:
Six equal rods AB, BC, CD, DE, EF and FA are each of weight W and

are freely jointed at their extremities so as to form a hexagon. The rod AB is fixed in
a horizontal position and the middle points of AB and DE are jointed by a string.

Prove that its tension is 3W?
Solution:

Six equal uniform rods of length / and weights W are freely jointed to
form a hexagonal. Rod AB is fixed in horizontal position. Mid points of AB and DE
are joined by a string.

Depth of C.G of AF and BC = >Sin(6)

Depth of C.G of CD and EF =21Sin(6)

Depth of C.G of DE = 21 Sin(6)
Length of string = 21 Sin(0)
By applying principle of virtual work

A B
a
F wW G w C
A
W

2wé (ésm(e)) + 2wé Gl Sin(9)> + w8 (2L Sin(0) — T§(21 Sin(0)) = 0

w (% Cos(@)) 86 + 2w Gl 005(9)> 86 + w(21Cos(6))86 — T(21Cos(6))s6 = 0

6w = 2T then T = 2w

Example# 06:

A weightless tripod, consisting of three legs of equal length /, smoothly
jointed at the vertex, stands on a smooth horizontal plane. A weight W hangs from the
apex. The tripod is prevented from collapsing by three inextensible strings, each of

length //2, joining the mid-points of legs. Show that tension in each string is %W

Solution:
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Three equal uniform rods of length [ are freely jointed to form a tripod which is
placed on smooth plane. Mid points of rods are jointed by three inextensible strings
each of length //2. A weight W hangs from the apex.
Height of pt of application of W = [ Cos(a)

Height of the rod DG = Sin(a), ~ Height of rod DH = DG Cos(a) = 2+ Sin( )

Height of rod DE = length of string = 2 DH = \/; [Sin(a)
By applying principle of virtual work,

—wé(lCos(a)) — 3TS ? [Sin(a) | =0

3V3
wiSin(x)ba — TTlCos(af)Sa =0

2w

T=——=tan(«a
33 (@)
As length of string is Sue \/—§l5in(o<) where Sin x= —, tanx= —
2 2 VEl V2
2w 1 2
So, T = 2wl_yaw
3v32  3v3
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Exercise # 6
Question # 01:
A uniform ladder rests with its upper end against a smooth vertical wall and its foot
on rough horizontal ground. Show that the force of friction at the ground is%Wtan(a)

where W is weight of the ladder and « is its inclination with the vertical.
Solution:
A uniform rod of length "/" and weight "W" rests with end A on a rough
horizontal ground and end B on a smooth vertical wall. Inclination of the ladder with
the vertical i1s a,

A ’L o
w

By applying principle of virtual work
w (éSin(af)Sa) + F(l Cos(a)ba) =0 = F = —% wtan(a)

Question# 02
Four equal heavy uniform rods are freely jointed to form a rhombus

ABCD which is freely suspended from A, and kept in shape of a square by an

inextensible string connecting A and C. Show that tension in the string is 2W, where
W is the weight of one rod.

Solution:

Four equal uniform rods each of length "/" and weight "W" are freely jointed
to form a rhombus which is suspended at A. Shape is kept by joining A and C by an
inextensible string AC,

Depth of C.G of rods AB and AD = éCOS(H)

Depth of C.G of rods BC and CD = %zcos(e)

Length of String = 2ZCOS(9)
By applying principle of virtual work
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2W5G Cos(@)j + 2w5(%lC0s(l9)j —T5(21Cos(6))=0

ZW(—éSin(ﬁ)] 50 + 2w(—%zsm(9)j 66 —T(-21Sin(0))56 =0

=T =2W

Question# 03:

Six equal uniform rods AB, BC, CD, DE, EF, FA, each of weight "W"
are freely jointed to form a regular hexagon. The rod AB is fixed in a horizontal
position, and the shape of the hexagon is maintained by a light rod joining C and F.

Show that the thrust in the rod is /3% .
Solution:
Six equal uniform rods each of length "/" and weight "W" are freely jointed
to form a regular hexagon, with rod AB fixed in horizontal position. C and F are
joined by a light rod to maintain the shape.

| ..
Height of C.G of the rod's BC and AF = ESIH(H)

Height of C.G of the rod's CD and EF = %lSin(ﬁ)

Height of C.G of the rod's DE =2/Sin(6), Length of rod CF = [+ 2ICos(6)
By applying principle of virtual work

VRN
7

W A 2

AL

A B w
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—2W5G Sin(@)j - 2w5615in(9)] —w&(24Sin(8))+TS(1 +2ICos(6))=0

—2w(é Cos(@)j 50 — 2w(%lCos(l9)j 660 —w(21Cos(0)) 56 + T (-21Sin(6))50 = 0

=T = —3»{%) = 3w

Question# 04:

A hexagon ABCDEF, consisting of six equal heavy rods, of weight w,
freely jointed together, hangs in a vertical plane with AB horizontal, and the frame is

kept in the form of a regular hexagon by a light rod connecting the mid-points of CD
and EF. Show that the thrust in the light rod is 2\/§w?

Solution:

Depth of C.G of rod's BC and AF = éSin(@)

Depth of C.G of rod's CD and EF = %lSin(@)

Depth of C.G of rod's DE = ZZSin(H), length of rod GH = Z+ZCOS(9)

By applying principle of virtual work
A B

2w5(é Sin(@)j + zwaezsm(e)] +wS(24Sin(0))+TS(1+1Cos(6))=0
2w(éCos(9)] 50 + 2w(%COS(9)j 56 +w(21Cos(6)) 56 + T (~1Sin(6))50 = 0

—=T= 6»{%} = 23w
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[Question# 05:
Three equal rods, each of weight "w" are freely jointed together at one
extremity of each to form a tripod, and rest with their other extremities on a smooth
horizontal plane, each rod inclined at an angle of measure € to the vertical,
equilibrium being maintained by three equal light strings each joining two of these
. . .. tan(0)
extremities. Prove that the tension in each string is w
243
Solution:

Three equal uniform rods each of length "/” and weight "W" are freely jointed
at one end to form a tripod. The other extremities are placed on a horizontal plane.
Angle of each rod with the vertical is @. Extremities are joined by three equal length
strings.

[
Height of C.G of rods OA, OB, OC = Ecos(e)
—= - = 3
From figure it is clear, that CGzlSin(H), CH=CG COS(30)=§ZSZ'71(9)
Length of each strings = 2C_[‘I=\/§ZSZ'I’1(0)
By applying principle of virtual work
0
[
—3W5(EC0S(9)j—3T5(\/§1Sin(9))=0
w
=T =—+tan(0
2 050)
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Question# 06:
Six equal uniform rods freely joined at their extremities form a
tetrahedron. If this tetrahedron is placed with one face on a smooth horizontal table,

prove that the thrust along a horizontal rod is ﬁ, where w is the weight of a rod.

Solution:
Six equal uniform rods each of length "/” and weight "w" are freely joined to
form a tetrahedron which is placed with one face on a smooth horizontal table. Let &
be the angle with vertical of each rod.

!
Height of C.G of rods AD, AB and AC = Ecos(e)

B3

From figureD_GzlSin(é’), ﬁID_GCOS(3O)=71Sin(9)

Length of each horizontal rod is = 2DH=\/§ZSin(9)
By applying principle of virtual work
A

—3w5(écos(9)] +375(318in(0)) =0
—3w(éSin(9)j5H+ 37 (/31Cos(0)) 50 =0

=71 = —ltan(ﬁ)

243
As length of rod = /= \/ngin(Q)
1

> T:_z%(ﬁ]:_z%
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Question# 07

Four equal uniform rods, each of weight w, are
connected at one end of each by means of a smooth joint, and the
other ends rest on a smooth table and are connected by equal strings.
A weight W is suspended from the joint. Show that the tension in each

W+2wj a 0

4 )Jar-2q
Solution:

Four equal uniform rods OA, OB, OC, and OD each of length
"[" and weight "W" are freely jointed at O. The other extremities are
placed on a smooth table. Shape is kept by joining each of the
extremities by four equal length string (each of length a). A weight W
hangs at O. Let & be the angle of each rod with the vertical.

string 1is (

!
Height of C.G of OA, OB, OC, and OD =§Cos(¢9)

Height of C.G of weight W = [Cos(6)

1
V2
Length of each string is given by =2ﬁ=\/§lSin(6’)

By applying principle of virtual work
(]

From figure, BG =lSin(¢9), and BH =B_GCOS(45) = lSin(H)

457

D C

—4w5(écos(.9))— W5(ICos(0)) - 4TS (21Sin(0)) =0

_(2w+W)Sin(6’)_(2w+W)
= 4\/§C0s(<9) - 42 tan(é’)
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a(2w+W)( a j_a(2w+W)

As length of string = a = \/ElSin(é’), therefore tan(é’)z

By putting this value in T, get 7' = =
W2 \Vor-a?) aar 24

Question# 08:

Four uniform rods are freely jointed at their extremities
and form a parallelogram ABCD, which is suspended from the joint A,
and is kept in shape by an inextensible string AC. Prove that the
tension of the string is equal to half the whole weight.
Solution:

Four uniform rods are freely jointed to form a parallelogram
which is suspended at A. Shape is kept joining A and C by a string let
[, and w, be the length and weight respectively of rod AD and BC. Let
[, and w, be the length and weight of rod AB and CD.

Let 6 be the angle of rod AD and BC with the vertical and &, be the

angle of rods AB and CD with the vertical.

Depth of C.G of rod AD = %Cos(@l)
Depth o f C.G of rod AB =%2Cos(6’2)
Depth of C.G of rod BC =12C0S(6'2)+%1C0s(6'1)

Depth of C.G of rod CD = ZICOS(HI)+%COS(6'2)

Length of string =IICOS(91)+IZCOS(92)
By applying principle of virtual work
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0

/ L

we{ (@) ool ol e) oo 1 0) o) {0 o) oty i) 0

(-w, —w, +T)1Sin(6,)66, +(-w, —w, +T)1,Sin(6,)56,=0

1
=T =§(2w1 +2w,), which is half of whole weight.

Question# 09:

A string, of length a, form the shorter diagonal of a
rhombus formed by four uniform rods, each of length b and weight W,
which are hinged together. If one of the rod be supported in a
2W (26 - a?)

b\4b’ —a’
Solution:

Four equal uniform rods of length "b" and weight "w" are

horizontal position, Prove that tension in the string is

freely jointed to form a rhombus which is suspended with rod AB
fixed in horizontal position. A string of length "a" for shorter
diagonal of rhombus.

Depth of C.G of rod AD and BC = gsm(e)

Depth of C.G of rod CD =bSin(¢9), Depth of C.G of rod AE= bSin(g)

Depth of C.G of rod 2E=2bsm(gj

By applying principle of virtual work
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D l C
2w§(§ Sin(é’)j + wé(zvsm(e)) - Té(zbSin @D =0

2w(§ Cos(@))é& +w(bCos(6))56 - T(2bCos (gj jé@ =0

N | —

B 2wC0s(c9)

AS length of string =a = 2bSin Q and Sin g e
2 2 2b

=

2w(2b2 —az)

4\4b* - a’

Therefore, T =

Question# 10:

A uniform rod of length 2a rest in equilibrium against a
smooth vertical wall and upon a smooth peg at a distance b from the
wall. Show that in the position of equilibrium, the beam is inclined to

3
the wall at an angle Sinl(é) ?

Solution:

A uniform rod of length "2a" rest in equilibrium with one end
on a smooth vertical wall and supported at "p" by a peg at a distance
"b" from the wall. Let @ be the angle of rod with the wall.
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From the figure it is clear that%ZSin(Q), and AP=bCSC((9)

PG:AG—APza—bC0sec(c9)
Height of the rod above peg = P_GCOS(Q):aCOS(Q)—bCot(Q)
By applying principle of virtual work

B

G

o b
P
0
A w
—w5(aC0s(0) — bCot(H)) =0, and —w(—aSz’n(@) + szczé’) 00 =0
=0 =Sin"' (2j3
a

Question# 11:

Two equal particles are connected by two given
weightless strings, which are placed like a necklace on a smooth cone
whose axis is vertical and whose vertex is uppermost. Show that the

: 4 . : :
tension of each string is —Cota, where W is weight of each particle
T

and 2 o the measure of vertical angle of cone.
Solution:

Two equal particles each of weight "w" are connected by two
strings which are placed on a smooth vertical cone of semi-vertical
angle" a" like a necklace. Let "x" be the radius of circle formed by
the plane of string in equilibrium position and "y" be the depth of
plane from vertex O'.

, X
From figures —=tana = x= ytana
Y
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The total weight of both the particles is "2w". Let "T" be the tension
in the string. Consider the virtual displacement such that x changes to
(x+5x).
By applying principle of virtual work
2w5y—T5(27rx)=O:>2w5y—27rT5x=O

: X
As given that —=tfana,therefore
y
LL/”:E 4 0y SLUInl el

2w—27z'Té:O:>2w:27thana So T=KC0ta
oy T

Question# 12:

A regular octahedron formed of twelve equal rods, each of

weight w, freely jointed together is suspended from one corner. Show that the

3
thrust in each horizontal rod is 5\/2W?

Solution:

Twelve equal uniform rods each of length "A" and
weight "w" are freely jointed to form a octahedron which is suspended
at O. Let "0" be the angle of each rod with vertical.

Depth of C.G of rod OA, OB, OC, and OD =§COS0

31
Depth of C.G of rods O'A, O'B, O'C, and O'D = 7C056'
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Depth of C.G of rods AB, BC, CD, DA = ACos6@ and from fig,
ASind

2

By applying principle of virtual work
o

then CDZ\/EZSinQ

DG = ASin6, DH = D_GCOS(45°) =

s

4
) H

/

4w§(% COS@) + 4w§(% Cos@j +4w5 (ACos0) +4T5(V24Sin6) =0

32

— 12wSind = 4/2TCos0, Finally T=7w
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Question# 13:

A rhombus ABCD of smoothly jointed rods, rests on a
smooth table with the rod BC fixed in position. The middle points of
AD, DC are connected by a string which is kept taut by a couple G
applied to the rod AB. Prove that the tension of string is

2 |
—GCOS —ABC
AB 2
Solution:
A rhombus ABCD is placed on a smooth horizontal table. Rod

BC is fixed in position. Middle points of AD and CD are joined by
string. A couple G is applied on the rod AB to keep the string tight.

Then from figure,E=§Sin§, And length of string is 2E_G=/1Sin§

By applying principle of virtual work
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D F Y
)
= G5¢9—T5(2Sln§}:0

= GO0 — T(xlCosg)%éP =0

2G

=T7T=
ACOSQ
2

2G
ECOS;(ABc)

=T1T=

( SR —=

Pagen9
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